The purpose of this paper is to propose a new method for obtaining tensors expressing certain symmetries, called effective elasticity tensors, and their optimal orientation. The generally anisotropic tensor being the result of in situ seismic measurements describes the elastic properties of a medium. It can be approximated with a tensor of a specific symmetry class. With a known symmetry class and orientation, one can better describe geological structure elements like layers and fissures. A method used to obtain effective tensor in the previous papers (i.e. Danek & Slawinski 2015) is based on minimizing the Frobenius norm between the measured and effective tensor of a chosen symmetry class in the same coordinate system. In this paper, we propose a new approach for obtaining the effective tensor with the assumption of a certain symmetry class. The entry zeroing method assumes the minimization of the target function, being the measure of similarity with the form of the effective tensor for the specific class. The optimization of orientation is made by means of the Particle Swarm Optimization (PSO) algorithm and transformations were parameterised with quaternions. To analyse the obtained results, the Monte-Carlo method was used. After thousands of runs of PSO optimization, values of quaternion parts and tensor entries were obtained. Then, thousands of realizations of generally anisotropic tensors described with normal distributions of entries were generated. Each of these tensors was the subject of separate PSO optimization, and the distributions of rotated tensor entries were obtained. The results obtained were compared with solutions of the method based on the Frobenius distances (Danek et al. 2013) .
INTRODUCTION
The elasticity tensor c relates linearly the stress s and the strain e tensors, as shown below in the constitutional equation of Hookean solids (Slawinski 2010): 
It is the general way of the description of elastic properties to provide a more detailed description of the medium than elastic moduli commonly used by engineers and in seismic exploration. As P-and S-wave propagation is dependent on particular elements of the elasticity tensor, one can estimate the elasticity tensor based on seismic measurements. Laboratory surveys on the rock samples have recently been complemented by in situ researches. The anisotropic elasticity tensor, containing all 21 independent elements, can be estimated based on the results of multiazimuth walkaway vertical seismic profiling (VSP) as described in Dewangan & Grechka (2003) . The essential condition is the sufficient polar and azimuthal coverage of the data.
Inversion for elasticity coefficients in the most general case requires slowness and polarization vectors for P-waves as well as for S 1 -and S 2 -waves. The receivers are placed inside the borehole, and overburden complexity influences the estimation of the horizontal slowness components at the geophone levels. If these values are poorly estimated, the inversion for c ijkl may not be feasible.
Anisotropic elasticity tensors can usually be approximated with an effective tensor belonging to one of the eight symmetry classes, according to the symmetry planes and axes of the medium. The specific class indicates medium complexity, while the orientation of the planes and axes shows the general direction of layers and fissures. The changes of the medium over time caused by fracturing may also be visible with the analysis of elasticity tensor symmetries and orientations.
METHODS

Elasticity tensor
As a consequence of symmetries of the strain and stress tensors, symmetry of elasticity tensor is observed: c ijkl = c jikl = c klij and the number of independent entries in a generally anisotropic case is limited to 21. Equation (1) can be rewritten as follows:
The simplest class is general anisotropy, while other symmetry classes (described as non-trivial) are the following: monoclinic symmetry, trigonal symmetry, orthotropic symmetry, tetragonal symmetry, transverse isotropy, cubic symmetry, and isotropy. The following symmetry groups correspond to the symmetry classes covered in this paper (Bona et al. 2004) :
R θ,ei describes the rotation by θ around e i , and M v describes the reflection through the plane with normal ν. Tensor c is of even-rank; therefore, ±I belongs to each of its symmetry groups, and as a result, if c is invariant under A, it is also invariant under −A. We can consider only rotation for Equations (4)-(6) without the loss of generality.
A geological example of the transversely isotropic medium is a set of parallel layers in a sedimentary basin. The orthotropic solid is a TI medium with a perpendicular set of parallel fractures. The tetragonal medium is a special case of an orthotropic solid where fractures occur with equal density along both horizontal axa. Practically, tensors obtained from real seismic measurements always belong to the generally anisotropic symmetry class, since the results are burdened with measurement errors. However, one can approximate tensor c by means of another tensor c sym belonging to the particular symmetry class.
With the fixed orientation of coordinates, in the sense of the Frobenius norm, the best approximation of c sym is the orthogonal projection of tensor c onto the linear space of all tensors of specific class (L sym ) (Kochetov & Slawinski 2009 
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Tensor c, representing a Hookean solid, belongs to one of eight material symmetry classes, as shown in several works (Forte & Vianello 1996 , Bona et al. 2004 . Symmetry classes are characterized by their symmetry groups, which are groups of transformations g (subgroups of 3D rotation group, SO(3)) leaving tensor c of given symmetry class invariant:
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On obtaining effective elasticity tensors with entries zeroing method
The operator of the projection -pr sym (c), is given with the following formula:
with the integration over symmetry group G sym with respect to the invariant μ normalized to satisfy μ(G sym ) = 1. For classes having finite symmetry groups (all apart from isotropy and transverse isotropy), the integral reduces to a finite sum. Diner et al. (2011) 
The quality of tensor approximation is evaluated with the squared distance between c and c sym as shown below:
The tensor giving the least value of this squared distance is referred as an effective tensor (Kochetov & Slawinski 2009 ). For all symmetry groups except isotropy, the operator of the projection pr sym (c) as well as obtained distance (9), are dependent on the orientation of the symmetry group. To find the effective tensor without a priori assumption of orientation, one should minimize the squared distance under all orientations, and the tensor obtained in the result is referred to as an absolute effective (Danek et al. 2013) . The problem of the minimization of Equation (9) as a function of orientation is nonlinear.
Rotations with quaternions
In this contribution, we parameterise rotations SO(3) with quaternions of norm equal 1 to carry out computations. Quaternions, which were introduced by Hamilton (1844) 
The rotation is about the axis of components [b, c, d ] by angle θ = 2arccos(a); thus, opposite quaternions correspond to the same matrix. The rotation A(q) gives rise to an orthogonal transformation of the space of tensor classes r → A(q)rA (q) T , where r is a symmetric 3 × 3 matrix, representing the stress or the strain tensor. Transformation A(q) corresponds to the transformation of tensor C given by: C → ÃCÃ T , where an orthogonal 6 × 6 matrix Ã is given by the following expression (Kochetov & Slawinski 2009 
The main advantages of quaternion-based over Euler-angles based rotation are that they are simpler functions to minimize (without trigonometric functions), have improved computational efficiency, and lack the gimbal lock problem (see Shoemake 1985) .
Entries zeroing method
The common approach to the problem of finding the effective tensor is based on the minimization of the squared distance (9) as a function of orientation described with quaternion q as follows:
The result of optimization is the value of q giving the absolute minimum of the Frobenius distance. The tensor referred to as C eff is the absolute effective tensor, expressed in the coordinate system rotated using A(q) matrix. The procedure described by several authors (i.e. Kochetov & Slawinski 2009 , Danek et al. 2013 includes the selection of a particular symmetry class and then the optimization of the target function, which is a Frobenius norm (14), over different orientations of the coordinate system. This results in computational form of Equation (13):
In this contribution, we propose a new approach to the search for the absolute effective tensor. In the entries zeroing method we assume a particular symmetry group and wish to obtain a tensor similar to the effective tensor of this class by means of the rotation of the coordinate system of the measured tensor using Ã(q). It is a different approach to transformation because the coordinate system of the effective tensor is rotated in the method described above. The target function, specific for each particular symmetry class, describes the similarity of the rotated measured tensor to the form of tensor characteristic for a given class.
Let us analyse the orthotropic symmetry class (described also in Gierlach & Danek 2017) . In this case, the effective tensor C ortotropic has several entries equal to zero, if expressed in a system where coordinate axes are normal to the symmetry planes: 
One can find explicit formulas for other symmetry classes in Slawinski 2016.
Optimization aims to find rotation matrix A(q)
for which the values of respective entries are nearly zeroed. If we describe the measured elasticity tensor as c and particular entries as c ijkl (see Equation (2)), the target function can be written as follows: 
In other words, the target function is the sum of these 12 independent entries of a tensor squared (out of 21 independent entries of generally anisotropic tensor) which are located neither on the diagonal nor in first quarter of the tensor (column 1-3 and row 1-3). After the optimization is completed, we obtain a quaternion suggesting the orientation of the coordinate system whose axes are normal to the symmetry planes. The absolute effective tensor is the original tensor rotated with the obtained rotation matrix and with respective entries set to zero (those which were optimized to be zeroed).
One can easily modify the target function according to the characteristic patterns of the tensor in order to use this method for other symmetry classes. For a tetragonal tensor, we have to take into account following conditions: 
For this symmetry class, we add to the target function (16) squared differences of entries which are expected to be equal. Conditions for transverse isotropy also contain equality:
The target function for the TI symmetry class is given with the sum of Formula (16) and the differences of left-hand and right-hand sides of all equations in (17) and (18). One should remember that the obtained orientation is one of an infinite number of possibilities; therefore, as in this case, one of the coordinate axes is parallel to the axis of symmetry and another two axes are arbitrary.
The method described in this contribution can also be applied for the cubic symmetry class. In 
Effective isotropic tensor entries are calculated with explicit formulas, and the values of particular entries are constant for all orientations of an orthonormal coordinate system. In this case, searching for the orientation of the effective tensor system would obviously be pointless. The method of zeroing entries can also be used for monoclinic and trigonal symmetry classes after some obvious modifications of the target functions.
The problem of searching for the absolute effective tensor is nonlinear. In our contribution, the solution is found with a particle-swarm optimization method (PSO), proposed by Kennedy & Eberhart (1995) . The method is a powerful global optimization technique which can be applied to the wide range of optimization problems without necessity of its internal parameter tuning (see Poli et al. 2007 ). This algorithm is often used to find the effective tensor (see Danek et al. 2013 , Kozubal 2016 . PSO is a stochastic method simulating the behaviour of animals searching for a food. Particular members of the swarm are described with the particles placed in the n-dimensional solution space. Each particle knows its position (values of solution, in this case four parts of quaternion) and evaluates the target function in its current location. The movement of a single particle through the search space is determined by combining its own current (x i ) and the personal best location (p i ) with the global best location (g) and some random perturbation. The swarm can be additionally subdivided and then g refers to the best location achieved by a member of the group (in this work we treat a swarm as a fully connected graph). New locations are chosen by adding velocity v i to the coordinate x i (it can be treated as a step-size). The next iteration is calculated after all particles are moved. The initial velocity v i is zero, but before first use it is updated.
The algorithm of canonical PSO optimization is presented in Figure 1 as a pseudo-code (based on Poli et al. 2007) .
The update of the particle's velocity and position use vectors U i ( , ) 0 Φ , which are vectors of random numbers uniformly distributed between [0, Φ i ], which are randomly generated at each iteration and for each particle. The operator ⊗ means the component-wise multiplication. The calculated velocity has to be within the range [−v max , v max ]. The velocity is usually limited to the highest acceptable value of x i (see Eberhart & Shi 2000) . Φ 1 and Φ 2 are constriction coefficients limiting particle movements related to the best individual and global positions, respectively.
Fig. 1. Simplified algorithm of Particle Swarm Optimization
In our implementation, we used commonly used values of Φ i = 2. The algorithm finishes either when the maximum number of iterations or when sufficiently good fit is achieved.
A single value of the target function arises as a result of the rotation of the coordinate system with a given quaternion and the calculation of a specific sum according to the particular symmetry class. Since we use only unit quaternions to parameterise the rotations, we have to normalize the tested quaternions in each iteration.
RESULTS
All analyses in this paper are conducted using the generally anisotropic elasticity tensor (20) obtained by Dewangan & Grechka (2003 
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described in the previous section was applied 1000 times in order to obtain the orthotropic effective tensor. Each run produced one quaternion, and, since the optimization algorithm is based on a random search of the solution space, the obtained results differ. However, different quaternions may describe the same rotation of a tensor expressed in several coordinate systems and gives an equal target function, so there are several global minima defining optimal solution for effective tensor (see Equations (23) and (25)). A histogram of the target function values ( Fig. 2A) Figure 2 , is narrower and all the target function values are less than 0.301.
In the crossplots of particular parts of quaternions obtained with single optimization (Fig. 3) 
The values are obtained as a result of the measurement and inversion of slowness and polarization vectors for the elasticity tensor. Thus, one should treat the tensor as a set of normal distributions of entries, not just their strict values, because the entries are burdened with measurement errors. The matrix of standard deviations of tensor entries is given below (Danek & Slawinski 2015) :
The first tests of our method were conducted using the single tensor (20). The procedure
Fig. 2. Histograms of the final values of the target function. The described procedure was performed 1000 times to produce the orthotropic effective tensor: A) with a single optimization; B) with the optimization repeated to eliminate diverging values
Fig. 3. Solutions of the procedure for orthotropic class with single optimization (1000 runs). Scatterplot matrix contains all the pairwise crossplots of the particular quaternion parts (Q1-Q4). The tone of points depends on the value of the target function for the solution
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The target function for this rotation is equal to 0.30046, and the tensor expressed in transformed coordinate system is as follows:
For the non-zero entries (grey bars), one can clearly see that each entry has three possible values.
Solutions divided into three groups, depending on the value of c 11 entry, show easily noticeable patterns in the crossplots of part values (Fig. 5) . c 11 was used to distinguish 3 forms in which resulting tensor is observed (compare Fig. 4) If the values of quaternions are recalculated to Euler angles, one can also notice the clear division of the points (Fig. 6 ). The number of point groups in the quaternion crossplot is doubled, compared to Euler angle crossplots, as two opposite quaternions describe the same set of angles. Solutions divided with respect to other non-zero entries also give clear patterns but sets of point groups are not always the same.
Since the tensor entries should be treated as distributions, further analyses were conducted with a statistical approach. This means that tensors being subject of inversion and rotation were realizations of normal distributions having mean values given with Equation (20) and standard deviations given with Equation (21) for particular tensor entries.
Three specific tensors from among those 50,000 obtained were additionally marked with a circle, square, or triangle in Figure 7 . It confirms the earlier observation about the swapping of some entries for tensors in different coordinate systems (e. g. c 11 ,  c 22 , c 33 or c 12 , c 13 , c 23 ) . The tensors were chosen such that each one is contained in one of three separate groups of solutions shown in Figures 5 and 6 . While for non-zero entries pattern of values is clearly visible, we cannot see any rule in zeroed entries. 
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The same value of target function was obtained with different quaternion (24) giving tensor (25) as a result of rotation: 
. . . (. 
Please note, that this is the same tensor describing the same medium but in a different coordinate system.
All of the accepted results for many different quaternions (1000) are shown in Figure 4 . Please note that when a tensor is expressed in a different coordinate system, its entries can have different values. Nevertheless, this is still exactly the same tensor corresponding with the optimized target function. For entries that were to be zeroed according to the form of the orthotropic tensor (black bars), the distributions of values are approximately symmetrical with the central part about zero. However, none of these entries is equal to zero for any tensor. Additionally, in this example, the measurement errors of the original tensor were not applied in the optimization process. It is also visible that values can be divided into several groups, because the distributions are not continuous. The next analyses were conducted for the tetragonal symmetry class. In the distributions of the entries obtained as a result of the procedure with the target function specific for tetragonal symmetry (Fig. 8) , which were repeated 1000 times, one can notice that the zeroing of respective entries was not as effective as for the orthotropic class. This is visible especially for c 45 , c 46 and c 56 entries, where the obtained values are at quite a large distance from zero. The non-zero entries do not show that characteristic pattern known from the orthotropic class. The pairs of entries expected to be equal have very similar distributions (in respective pairs) and comprise two peaks, each one constituting about half of the values. The other entries have unimodal pseudonormal distributions (differences less than 0.01). The values of obtained quaternions (Fig. 9 ) comprise fewer point groups than for the orthotropic class. One group is omitted, because it does not satisfy the criteria to be treated as a global minimum. Here, we can also see the equal partition of quaternions with respect to the c 11 entry value. In the crossplots of Euler angles calculated from mentioned quaternions (Fig. 10) , one can see an even more distinct partition for the two groups. There are only eight sets of angles giving a minimum of the target function.
The distributions obtained as a result of a separate procedure for 50,000 randomly generated tensors (Fig. 11) confirm what we expected after the analysis of the distributions for one specific tensor. Even though we operate with normal distributions (not exact values of entries), there is nearly a zero probability to have c 45 entry zeroed. Some entries are apparently unimodal, but it is an effect of the merging of two normal distributions with means differing about 0.1 (c 44 , c 55 , c 66 -compare Figs. 8 and 11). While entries expected to be equal appear to have nearly identical distributions, we cannot say that entries expected to be zeroed can be equal to zero.
The same analysis conducted for the procedure with the target function specified for the transverse isotropic symmetry class shows very similar results (Fig. 12) , since a TI class is the subgroup of tetragonal class. The c 45 value cannot be zeroed while different conditions describing the TI class seems to be satisfied. The non-zero entries all seems to be unimodal or bimodal with nearly equal modes. 
DISCUSSION AND CONCLUSIONS
The described entries zeroing method is a tool to obtain an effective tensor of a certain symmetry from measured generally anisotropic tensor. In this contribution, the orthotropic, tetragonal, and transverse isotropy classes were analysed. Obviously, applying the proposed method for other classes is trivial and require only target function modifications similar to the ones used in presented examples. Comparison of the obtained results strongly suggests that this tensor belongs to the orthotropic symmetry class. This conclusion is supported by the fact that entry c 45 cannot be zeroed for tetragonal and TI symmetry class (compare Figs. 11 and 12) . Please note, that in error-free case original tensor cannot be considered as an orthotropic (see Fig. 4 ).
In this work, an algorithm was tested for three symmetry classes. The choice of the classes was based on a priori information about the medium being measured in the original field experiment. As the isotropic effective tensor is calculated analytically and is independent of the orientation, the described method does not apply to this class.
For the orthotropic class, there are the same possible values of the respective entries (i.e. c 11 , c 22 , c 33 ), but recorded with a different frequency. The interpretation of this phenomenon is that the same tensor is expressed in three different coordinate systems rotated by π/2 (please see Fig. 6 and compare Danek et al. 2013) .
The obtained results can be compared with the effects of previous methods based on the optimization of the Frobenius distance. A comparison of the respective entries of the effective tensor belonging to a given class can be performed instantaneously. When comparing the orientations described with the quaternion or set of Euler angles, one should remember that in distance-based methods the coordinate system of the effective tensor is rotated to the coordinate system of the measured tensor, while in the entries zeroing method the transformation is done in reverse direction.
In general, the obtained results are in agreement with those obtained by Danek et al. (2013) . In all analysed cases, very similar solutions can be found for both methods. In some cases, e.g. tetragonal class, the entry zeroing method is not sensitive enough to provide all expected solutions (only two possible values of the bank angle with π step, while Danek et al. have found eight possible orientations with π/4 step). Nevertheless, we consider this result satisfactory.
The proposed method may be used to replace or complement the existing method of describing the symmetry class and orientation of the medium based on the elasticity tensor measured in situ with vertical seismic profiling, with its less complex target function and process of optimization being an advantage of the described method.
